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Abstract
In this paper we introduce a new concept, namely that of a quasi-orthomorphism, on a vector lat-
tice, which generalizes the notion of an orthomorphism. We consider quasi-multipliers on -algebras
and establish the relationship between quasi-orthomorphisms and quasi-multipliers. We prove that,
for certain Banach algebras, the quasi-orthomorphisms QOrth(A) form a Dedekind complete Ba-
nach f -algebra with a multiplicative identity. We conclude with a Kakutani type representation
theorem forQOrth(A).
 2005 Elsevier Inc. All rights reserved.
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1. Introduction
A quasi-multiplier is a generalization of the notion of a multiplier. The first systematic
account of the general theory of quasi-multipliers on a Banach algebra with a bounded
approximate identity was given in a paper by McKennon [15] in 1977. Subsequent de-
velopments have been made as a result of contributions by Vasudevan and Goel [17,18],
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R. Yılmaz, K. Rowlands / J. Math. Anal. Appl. 313 (2006) 120–131 121Lin [14], Kassem and Rowlands [12], and Argün and Rowlands [3]. In this paper we con-
sider quasi-multipliers on -algebras and, in particular, on Dedekind complete Banach
f -algebras with a minimal ultra-approximate identity. We prove that, for such an alge-
bra A, QM(A), the set of all quasi-multipliers on A, is isometrically and algebraically
lattice isomorphic to the algebra Orth(A) of all orthomorphisms on A and is therefore a
Dedekind complete Banach f -algebra. In Section 4 we introduce a new concept, that of
a quasi-orthomorphism on a vector lattice. This extends the notion of an orthomorphism.
On an Archimedean semi-prime f -algebra A, the orthomorphisms on A are precisely the
multipliers on A. We show, in particular, that when A is a Dedekind complete Banach
f -algebra with a norm bounded approximate identity, the quasi-orthomorphisms on A are
precisely the quasi-multipliers on A. We also show that, for certain Banach algebras A,
the quasi-orthomorphisms QOrth(A) form a Dedekind complete Banach f -algebra with
identity. Finally, we prove thatQOrth(A) is isometrically and algebraically lattice isomor-
phic to C(K), the algebra of continuous real-valued functions on some compact Hausdorff
topological space K .
2. Preliminaries
A (real) vector lattice (lattice ordered linear space or Riesz space) A is said to be a lattice
ordered algebra (or, briefly, -algebra) if it is a linear algebra (not necessarily associative)
such that, if a, b ∈ A+, then ab ∈ A+.
In this paper, unless otherwise stated, we shall not assume that the -algebras are as-
sociative, commutative or unital, but we shall assume that they are Archimedean (that is,
na  b for all a, b ∈ A+ and n = 1,2, . . . , implies a = 0).
Definition 2.1. An -algebra A is said to be
(i) an f -algebra (function algebra) if a∧b = 0 implies ac∧b = ca∧b = 0 for all c ∈ A+
(although the following classes of -algebras are not explicitly used, we include their
definitions for the sake of completeness),
(ii) an almost f -algebra if a ∧ b = 0 implies ab = 0,
(iii) a d-algebra if c(a ∨ b) = ca ∨ cb and (a ∨ b)c = ac∨ bc for all a, b ∈ A and c ∈ A+.
The notion of an f -algebra, as given in the above definition, first appeared in a paper
by Birkhoff and Pierce [6] in 1956 to be followed a decade later by the class of almost
f -algebras introduced by Birkhoff in [5]. The notion of a d-algebra was introduced by
Kudlácˇek [13] in 1962. In general, these classes of algebras are distinct, but there are
relations between them; for example, it is clear that every f -algebra is an almost f -algebra
and a d-algebra. Every Archimedean f -algebra is commutative and associative. It turns
out that every almost f -algebra is commutative but not necessarily associative; we refer
the reader to [4] for details of these results as given by Bernau and Huismans.
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order bounded if there exist (a, b) and (a˜, b˜) in A × B such that (a, b)  (x, y)  (a˜, b˜)
for all (x, y) ∈ D. A bilinear mapping ϕ :A × B → C is said to be order bounded if ϕ
maps order bounded subsets of A ×B onto order bounded subsets of C. In other words,
ϕ :A × B → C is order bounded if there exist u,v ∈ C such that u ϕ(x, y)  v for all
(x, y) ∈ A × B satisfying (a, b) (x, y) (a˜, b˜) for some (a, b), (a˜, b˜) ∈ A × B . ϕ :A ×
B → C is said to be positive if ϕ(x, y) ∈ C+ for all (x, y) ∈ A+ × B+.
The set of all order bounded bilinear mappings of the vector space of all bilinear
mappings B(A × B,C) will be denoted by Bb(A × B,C). It is not difficult to see that
Bb(A × B,C) is an ordered linear subspace of B(A × B,C). For a Dedekind complete
vector lattice C, Bb(A×B,C) turns out to be a Dedekind complete vector lattice equipped
with the ordering defined by
ϕ1  ϕ2 if and only if ϕ1(x, y) ϕ2(x, y) for all x ∈ A+, y ∈ B+.
Moreover, we have the following results (full details can be found in [20, Chapter 1]).
Theorem 2.3. Let A, B and C be vector lattices, with C Dedekind complete. For every
ϕ ∈ B(A× B,C) and (x, y) ∈ A ×B , the following statements hold:
(1) Every positive bilinear mapping ϕ :A ×B → C is order bounded.
(2) A bilinear mapping ϕ :A × B → C is order bounded if and only if there exist positive
bilinear mappings ϕ1, ϕ2 :A × B → C such that ϕ = ϕ1 − ϕ2. In the usual notation,
we write ϕ1 = ϕ+ and ϕ2 = ϕ−, and so ϕ = ϕ+ − ϕ− holds in Bb(A × B,C).
(3) ϕ+(x, y) =∨ 0ax
0by
ϕ(a, b).
(4) ϕ−(x, y) =∨ 0ax
0by
−ϕ(a, b).
(5) |ϕ(x, y)| |ϕ|(x, y).
(6) |ϕ(x, y)| |ϕ|(|x|, |y|).
(7) |ϕ|(x, y) =∨ |a|x
|b|y
ϕ(a, b) =∨ |a|x
|b|y
|ϕ(a, b)|.
Definition 2.4. For an algebra A, a bilinear mapping q :A × A → A is said to be a quasi-
multiplier if and only if, for all x, y, z ∈ A,
q(xy, z) = xq(y, z), q(x, yz) = q(x, y)z.
For example, if A is an associative -algebra, then the mapping ϕ :A × A → A de-
fined by ϕ(x, y) = xy (x, y ∈ A) is an order bounded quasi-multiplier on A. Let A be an
-algebra and let QM(A) denote the space of quasi-multipliers on A. Clearly QM(A) is
an ordered linear space (the order being induced by that of Bb(A × A,A)), but we cannot
say in general that it is a vector lattice with respect to this order. However, we have the
following lemma.
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multipliers on A such that
(p ∨ q)(x, y) = p(x, y)∨ q(x, y)
for all x, y ∈ A+. Then p ∨ q is a quasi-multiplier on A ×A.
Proof. We note that Bb(A × A,A) is an -space, and so p ∨ q exits as an element of
Bb(A ×A,A). Let x ∈ A+ and y, z ∈ A. Then
(p ∨ q)(xy, z) = p(xy, z) ∨ q(xy, z)
= xp(y, z) ∨ xq(y, z)
= x(p(y, z) ∨ q(y, z)) (since A is a d-algebra)
= x(p ∨ q)(y, z).
It follows by a routine argument that, for all x, y, z ∈ A,
(p ∨ q)(xy, z) = x(p ∨ q)(y, z).
Similarly we can show that (p ∨ q)(x, yz) = ((p ∨ q)(x, y))z for any x, y, z ∈ A. 
Definition 2.6. Let A be a Banach -algebra. An order bounded net {eλ: λ ∈ Λ} ↑ in A+
is said to be
(a) a norm approximate identity if and only if
‖aeλ − a‖ λ−→ 0 and ‖eλa − a‖ λ−→ 0
for all a ∈ A+, and if, in addition, ‖eλ‖  1 for each λ ∈ Λ, then it is said to be
minimal.
(b) A norm approximate identity {eλ: λ ∈ Λ} in A is said to be an ultra-approximate iden-
tity if and only if, for all m ∈QM(A) and a ∈ A, the nets {m(a, eλ)} and {m(eλ, a)}
are Cauchy [3, p. 219].
If A is a Banach algebra, then each member of the space QM(A) is continuous
[3, p. 218]. In general, one cannot define multiplication in QM(A). However, if A is a
Banach algebra with an ultra-approximate identity {eλ: λ ∈ Λ}, then the equation
(m1 	 m2)(x, y) = m1
(
x, lim
λ
m2(eλ, y)
)
defines a multiplication in QM(A), and, if the ultra-approximate identity is minimal, then
QM(A) becomes a Banach algebra [3, p. 219].
Definition 2.7. Let A be a vector lattice. An order bounded linear operator π :A → A
is said to be an orthomorphism if and only if a ⊥ b implies πa ⊥ b for all a, b ∈ A; an
orthomorphism which is also positive said to be a positive orthomorphism.
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is an Archimedean vector lattice, then Orth(A) is an Archimedean f -algebra under multi-
plication by composition, with the identity operator I on A as a multiplicative identity [7].
Every positive orthomorphism is a lattice homomorphism; for, if a ∧ b = 0 in A, then
πa ∧ b = 0, and so πa ∧ πb = 0, which implies that π is a lattice homomorphism. The
notion of an orthomorphism is related to that of a multiplier, as we now show. (An or-
der bounded linear operator T on an -algebra A is said to be a multiplier if and only if
T (ab) = (T a)b = a(T b) for all a, b ∈ A.)
Lemma 2.8. If A is an Archimedean f -algebra, then every orthomorphism π :A → A is a
multiplier.
Proof. For each a ∈ A, define πa by πa(b) = ab (b ∈ A). It follows from the definition of
an f -algebra and πa = πa+ − πa− that πa ∈ Orth(A). Since Orth(A) is commutative, we
have
π(ab) = π(πab) = (ππa)b = (πaπ)b = aπb,
which implies, since A is commutative, that π(ab) = (πa)b = aπb, as required. 
Lemma 2.9. For an Archimedean semi-prime f -algebra A, Orth(A) = M(A), the algebra
of all multipliers on A.
Proof. It is enough to show that M(A) ⊆ Orth(A). Since A is semi-prime, a ⊥ b in A
if and only if ab = 0 [10,11]. If T ∈ M(A) and a ⊥ b in A, then T (ab) = 0, and so
(T a)b = 0. This implies that T a ⊥ b, and so T is an orthomorphism, as required. 
3. Orthomorphisms and quasi-multipliers
Before we prove the main result of this section, we require the following lemma.
Lemma 3.1.
(a) If A is a commutative algebra, then xm(y, z) = m(y,x)z for all x, y, z ∈ A and m ∈
QM(A).
(b) If A is a Banach algebra with a minimal ultra-approximate identity {eλ: λ ∈ Λ} and
limλ m(eλ, x) = y in A, then limλ eλm(eλ, x) = y (m ∈QM(A)).
Proof. (a) By the hypothesis, xm(y, z) = m(y, z)x = m(y, zx) = m(y,xz) = m(y,x)z.
(b) Since ‖eλ‖ 1,∥∥y − eλm(eλ, x)∥∥ ‖y − eλy‖ + ‖eλ‖∥∥y −m(eλ, x)∥∥
 ‖y − eλy‖ +
∥∥y −m(eλ, x)∥∥,
and the result follows. 
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approximate identity. The mapping ϕ : Orth(A) →QM(A), defined by(
ϕ(π)
)
(x, y) = xπ(y) (π ∈ Orth(A), x, y ∈ A),
is an isometric and algebraic lattice isomorphism, the lattice operation on QM(A) being
that induced by Bb(A × A,A).
Proof. Since A is associative and every member of Orth(A) is a multiplier on A, it follows
that ϕ(π) ∈QM(A) for every π ∈ Orth(A). It is routine to show that ϕ is a linear mapping
and is order bounded since π is order bounded. We show that ϕ is isometric, as follows.
Every π ∈ Orth(A) is continuous, and so ϕ(π) is continuous on A ×A; for,∥∥ϕ(π)(x, y)∥∥= ‖xπy‖ ‖π‖‖x‖‖y‖,
which implies that ‖ϕ(π)‖ ‖π‖.
On the other hand, for any  > 0, there exists an x ∈ A with ‖x‖ 1 such that
‖π‖ −  < ∥∥π(x)∥∥.
If {eλ} is a minimal approximate identity in A, it follows from∥∥ϕ(π)∥∥ ∥∥(ϕ(π))(eλ, x)∥∥= ∥∥eλπ(x)∥∥
that ∥∥ϕ(π)∥∥ lim
λ
∥∥eλπ(x)∥∥= ∥∥π(x)∥∥> ‖π‖ − ,
and so, since  is arbitrary, ‖ϕ(π)‖ = ‖π‖.
Finally, we show that ϕ is surjective.
Let m ∈QM(A) and define π :A → A by π(a) = limλ m(eλ, a), the convergence being
with respect to the norm on A. Clearly π is linear. Suppose that a ⊥ b. We first note that, in
a normed vector lattice, if a net {xλ} converges in norm to x, then the net {|xλ|} converges
in norm to |x|. Moreover, the mapping x → x ∧ b (b ∈ A) of A into itself is continuous.
Thus, in view of the above and Lemma 3.1(b), we have
|πa| ∧ |b| = lim
λ
(∣∣eλm(eλ, a)∣∣∧ |b|)
= lim
λ
(∣∣m(eλ, eλ)a∣∣∧ |b|);
for each λ, |m(eλ, eλ)a| ∧ |b|  |m(eλ, eλ)| |a| ∧ |b| = 0 since A is an f -algebra; that
is, π(a) ⊥ b whenever a ⊥ b. Now m is order bounded and this together with the fact
that order intervals in a Banach lattice are norm closed (see, for example, [16, Proposi-
tion 1.1.6(ii)]) implies that π is an orthomorphism. Moreover, for all x, y ∈ A,
ϕ(π)(x, y) = xπ(y) = x lim
λ
m(eλ, y)
= lim
λ
m(xeλ, y)
= m
(
lim
λ
xeλ, y
)
(since m is continuous)
= m(x,y).
Hence ϕ(π) = m and ϕ is surjective.
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We first recall that the equation
(m1 	m2)(x, y) = m1
(
x, lim
λ
m2(eλ, y)
)
defines a multiplication in QM(A) [3]. Since ϕ is surjective, for m1,m2 ∈QM(A), there
exist π1,π2 ∈ Orth(A) such that m1 = ϕ(π1) and m2 = ϕ(π2). Orth(A) and A are both
f -algebras, and so we have, for all x, y ∈ A,
(m1 	m2)(x, y) = ϕ(π1)
(
x, lim
λ
ϕ(π2)(eλ, y)
)
= xπ1
(
lim
λ
ϕ(π2)(eλ, y)
)
= π1
(
x lim
λ
ϕ(π2)(eλ, y)
)
= π1
(
ϕ(π2)(x, y)
)
= π1
(
x(π2y)
)= π1(π2(xy))
= (π1π2)(xy) = x(π1π2)y
= ϕ(π1π2)(x, y).
This implies that ϕ(π1π2) = ϕπ1 	 ϕπ2. Moreover, ϕ is a lattice homomorphism, as fol-
lows.
For π ∈ Orth(A), ϕ(π+) ∈QM(A). Now (ϕ(π))+ ∈ Bb(A × A,A), and so, by Theo-
rem 2.3,(
ϕ(π)
)+
(x, y) =
∨
0ax
0by
ϕ(π)(a, b)
=
∨
0ax
0by
aπb
=
∨
0ax
a
∨
0by
πb
= xπ+y ([1, Theorem 3.3])
= ϕ(π+)(x, y)
for all x, y in A+; that is, (ϕ(π))+ = ϕ(π+) on A+ × A+. From this it follows that(
ϕ(π)
)+
(x, y) = ϕ(π+)(x, y)
for all x, y ∈ A using the representations x = x+ − x−, y = y+ − y− and the bilinearity of
(ϕ(π))+ and ϕ(π+). Thus (ϕ(π))+ = ϕ(π+), as required. This completes the proof of the
theorem. 
Remark 3.3. If A is a Dedekind complete semi-prime Banach f -algebra with a minimal
ultra-approximate identity, it follows from Lemma 2.9 and Theorem 3.2 that M(A) is iso-
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-algebra analogue of a result proved in [15, Theorem 9].
We conclude this section with the following
Theorem 3.4. If A is a Dedekind complete Banach f -algebra with a minimal ultra-
approximate identity, then QM(A) is a Dedekind complete Banach f -algebra.
Proof. The result follows from Theorem 3.2 and the fact that QM(A) is a Dedekind
complete f -algebra. 
4. Quasi-orthomorphisms
Definition 4.1. For a vector lattice A, an order bounded bilinear mapping ψ :A × A → A
is said to be a quasi-orthomorphism if and only if
(x, y) ⊥ (u, v) in A × A implies ψ(x, a) ⊥ u and ψ(a, y) ⊥ v
for all a ∈ A. If, in addition, ψ is positive, then it is said to be a positive quasi-
orthomorphism.
It follows immediately from the definition that a positive order bounded bilinear
mapping ψ is a quasi-orthomorphism if and only if (x, y) ∧ (u, v) = (0,0) implies
ψ(x, a)∧u = 0 and ψ(a, y)∧v = 0 for all a ∈ A+. We denote byQOrth(A) the collection
of all quasi-orthomorphisms of A ×A into A. It is routine to show that, if A is a Dedekind
complete vector lattice, thenQOrth(A) is an ordered linear subspace of the Dedekind com-
plete vector lattice Bb(A × A,A). Moreover, if ψ ∈QOrth(A) and ψ˜ ∈ Bb(A × A,A) is
such that 0 ψ˜ ψ , then ψ˜ ∈QOrth(A).
Theorem 4.2. Let A be a Dedekind complete vector lattice. Then the following are equiv-
alent:
(a) ψ ∈QOrth(A).
(b) ψ+,ψ− ∈QOrth(A).
(c) |ψ | ∈QOrth(A).
In particular, QOrth(A) is an -subspace of Bb(A ×A,A).
Proof. (a) ⇒ (b). By Theorem 2.3,
ψ+(x, y) =
∨
0ax
0by
ψ(a, b) (x, y ∈ A+).
Thus, if (x, y) ∧ (u, v) = (0,0) and a ∈ A+, it follows from a known result on vector
lattices (see, for example, [2, Theorem 1.5]) that
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( ∨
0x˜x
0a˜a
ψ(x˜, a˜)
)
∧ u =
∨
0x˜x
0a˜a
(
ψ(x˜, a˜) ∧ u)= 0.
(We note that 0 x˜  x implies (0,0) (x˜, y) ∧ (u, v) (x, y) ∧ (u, v) = (0,0), and so
ψ(x˜, a˜) ∧ u = 0 since ψ ∈QOrth(A).)
Similarly ψ+(a, y) ∧ v = 0, and so ψ+ ∈ QOrth(A). Moreover, ψ− = (−ψ)+ ∈
QOrth(A), which implies that ψ− ∈QOrth(A).
(b) ⇒ (c). This follows immediately from |ψ | = ψ+ +ψ−.
(c) ⇒ (a). If |ψ | ∈QOrth(A), then it follows from
0ψ+  |ψ | and 0ψ−  |ψ | in Bb(A ×A,A)
that ψ+,ψ− ∈QOrth(A), and so ψ = ψ+ −ψ− ∈QOrth(A), as required. 
Theorem 4.3. Let A be a Dedekind complete vector lattice. ThenQOrth(A) is a Dedekind
complete solid subspace of Bb(A ×A,A).
Proof. By Theorem 4.2, QOrth(A) is a vector lattice. Moreover, it is solid; for, if ψ ∈
QOrth(A) and ψ˜ ∈ Bb(A × A,A) is such that 0 |ψ˜ | |ψ |, then |ψ˜ | ∈QOrth(A), and
so ψ˜ ∈QOrth(A) by Theorem 4.2. QOrth(A) is Dedekind complete, as follows.
Suppose that 0ψτ ↑ψ0 inQOrth(A). We first note that 0∨τ ψτ ∈ Bb(A×A,A)
since Bb(A × A,A) is Dedekind complete; that is, ∨τ ψτ is a positive (and hence order
bounded) bilinear mapping. Let ψ =∨τ ψτ . If (x, y)∧ (u, v) = (0,0) and a ∈ A+, then
ψ(x, a)∧ u =
(∨
τ
ψτ (x, a)
)
∧ u =
∨
τ
(
ψτ (x, a) ∧ u
)= 0
since each ψτ is a quasi-orthomorphism. Similarly ψ(a, y)∧ v = 0. Thus ψ ∈QOrth(A),
and is the supremum of the net {ψτ }. 
Lemma 4.4. Let A be a Dedekind complete vector lattice and ψ :A×A → A be an order
bounded bilinear mapping. For each a ∈ A, define mappings ψ˜a, ˜˜ψa :A → A by
ψ˜a(x) = ψ(x, a) and ˜˜ψa(x) = ψ(a, x) (x ∈ A).
Then ψ is a quasi-orthomorphism if and only if, for each a ∈ A, both ψ˜a and ˜˜ψa are
orthomorphisms. Moreover, ψ is positive if and only if, for each a ∈ A+, both ψ˜a and ˜˜ψa
are positive.
Proof. Suppose that ψ is a quasi-orthomorphism. Assume first that a ∈ A+. Clearly ψ˜a
and ˜˜ψa are order bounded linear operators on A. If x ⊥ y, then (x, x) ⊥ (y, y), and so
ψ(x, a) ⊥ y and ψ(a, x) ⊥ y,
which implies that ψ˜a and ˜˜ψa are orthomorphisms. For any a ∈ A,
ψ˜a = ψ˜+a − ψ˜−a and ˜˜ψa = ˜˜ψ+a − ˜˜ψ−a ,
and so ψ˜a and ˜˜ψa are orthomorphisms.
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(x, y) ⊥ (u, v). Then, for any a ∈ A,
ψ˜a(x) ⊥ u and ˜˜ψa(y) ⊥ v;
that is, ψ(x, a) ⊥ u and ψ(a, y) ⊥ v, as required. 
Lemma 4.5. If A is an Archimedean f -algebra, then QOrth(A) ⊆QM(A).
Proof. Suppose that ψ be a quasi-orthomorphism. By Lemma 4.4, both ψ˜a and ˜˜ψa are
orthomorphisms on A for each a ∈ A. By Lemma 2.8, ψ˜a and ˜˜ψa are multipliers on A,
and so
ψ(ax, y) = ψ˜y(ax) = aψ˜y(x) = aψ(x, y).
Similarly
ψ(x, ya) = ˜˜ψx(ya) =
( ˜˜
ψx(y)
)
a = (ψ(x, y))a.
Thus ψ is a quasi-multiplier, as required. 
Theorem 4.6. If A is a Dedekind complete Banach f -algebra with a norm approximate
identity, then QOrth(A) =QM(A).
Proof. By Lemma 4.5, it is enough to show that QM(A) ⊆ QOrth(A). To this end, let
a, x, y,u, v ∈ A. The Hewitt–Cohen factorization theorem [9, Theorem 32.23] implies the
existence of elements a˜, x˜, y˜, w ∈ A such that
a = wa˜, x = wx˜ and y = wy˜.
Let ψ ∈ QM(A) and suppose that (x, y) ⊥ (u, v). Then x ⊥ u and y ⊥ v, and so, by
properties of f -algebras,
0 = |x| ∧ |u| = |wx˜| ∧ |u| = |w||x˜| ∧ |u|.
Thus ∣∣ψ(x, a)∣∣∧ |u| = ∣∣ψ(wx˜,wa˜)∣∣∧ |u| = |x˜|∣∣ψ(w, a˜)∣∣|w| ∧ |u| = 0;
that is, ψ(x, a) ⊥ u. In the same way we can show that ψ(a, y) ⊥ v. Thus ψ ∈QOrth(A),
as required. 
Let A be a Dedekind complete Banach f -algebra with a minimal ultra-approximate
identity. By Theorem 4.3, QOrth(A) is a Dedekind complete solid subspace of
Bb(A × A,A). Moreover, by Theorems 4.6 and 3.4, QOrth(A) is a Dedekind complete
Banach f -algebra. The identity quasi-orthomorphism is the mapping m0, defined by
m0(x, y) = xy (x, y ∈ A).
We can summarize our results in the following
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approximate identity, then (QOrth(A),	) is a Dedekind complete Banach f -algebra with
the quasi-orthomorphism m0 as a multiplicative identity.
Definition 4.8. A Banach lattice (A,‖ · ‖) is said to be an AM-space if and only if
‖a ∨ b‖ = max{‖a‖,‖b‖}
for all a, b ∈ A+. An AM-space which is also an algebra is called an AM-algebra, and an
AM-space which is also an f -algebra is referred to as an AM-f -algebra.
An orthomorphism π on a normed vector lattice A is continuous if and only if there
exists a positive real number λ such that |π |  λI [21, §144]. Wickstead proved in [19]
that, if A is a Banach lattice, then Orth(A) is an AM-f -algebra with identity.
A positive element u in a vector lattice A is said to be an order unit if and only
if there exists a positive integer n such that |a| nu. Suppose that A is a Banach lat-
tice with an order unit u. Then the Minkowski functional of [−u,u] (that is, ‖a‖∞ =
inf{λ > 0: |a|  λu}) defines a norm on A which is equivalent to the original norm (see,
for example, [2, Corollary 12.4]). Moreover, (A,‖ · ‖∞) is an AM-space, with [−u,u]
as its closed unit ball. In the sequel by the phrase “AM-space with unit” we mean a Ba-
nach lattice with an order unit, whose norm is the ‖ · ‖∞-norm arising from the order unit.
Kakutani’s representation theorem for “AM-spaces with unit” (see, for example, [8, The-
orem 4.5] or [2, Theorem 12.28]) can be extended to AM-algebras, and may be stated as
follows.
Representation Theorem. A Banach -algebra A with unit u is an AM-algebra if and
only if A is isometrically and algebraically lattice isomorphic to (C(K), ·), the algebra of
continuous real-valued functions on some compact Hausdorff space K . (K is unique up
to homeomorphism and may be chosen to be the set of all algebraic -functionals f on A
such that f (u) = 1, endowed with the weak	 topology σ(A′,A).)
Theorem 4.9. If A is a Banach lattice, then there exists a compact Hausdorff space K such
that (Orth(A),◦) and (C(K), ·) are isometrically and algebraically lattice isomorphic as
AM-f -algebras.
Proof. We recall that Orth(A) is an AM-f -algebra with unit, the identity operator I . The
conclusion follows from Kakutani’s representation theorem. 
We conclude with the following
Theorem 4.10. If A is a Dedekind complete Banach f -algebra with a minimal ultra-
approximate identity, then there exists a compact Hausdorff space K such that(QOrth(A), 	)∼= (C(K), ·),
where · denotes pointwise multiplication. In particular, (QOrth(A), 	) is an AM-f -
algebra with the quasi-orthomorphism m0 as a multiplicative identity.
R. Yılmaz, K. Rowlands / J. Math. Anal. Appl. 313 (2006) 120–131 131Proof. By Theorem 4.9, (Orth(A),◦) ∼= (C(K), ·), and so by Theorems 3.2 and 4.6,(
C(K), ·)∼= (Orth(A),◦)∼= (QM(A),	)= (QOrth(A),	),
as required. 
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